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a b s t r a c t
Boesch’s theorem says that ‘‘Suppose that a connected graph G has two non-adjacent
2-degree vertices u1 and u2. Then t(G) ≤ t(G/{u1, u2}), where t(G) is the number of
spanning trees of G.’’ In this paper, we generalize this theorem as follows: ‘‘Suppose that G
is a connected graph of order at least 3, and that u1 and u2 are two vertices of degreem and
n, respectively, in G. Then t(G) ≤ mn−m20m+n−2m0 t(G/{u1, u2}), wherem0 (≥ 0) is the number of
multiple edges between u1 and u2.’’
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
An open problem in graph theory having applications to the synthesis of reliable networks is, given the number of nodes
and edges, to characterize graphs having the maximum number of spanning trees.
A graph G with k vertices and e edges is said to be t-optimal if G has the maximum number of spanning trees among all
graphs with the same number of vertices and edges. There has been a lot of research on the characterizations of t-optimal
graphs [1–3,6,8,9,11,13,14]. Kelmans and Chelnokov [9] and Shier [14] independently gave characterizations of t-optimal
graphs for the case e ≥ k(k−1)/2−k/2, using a linear algebraic approach. Later, by using classical optimization techniques,
Cheng [3] solved the problem for the case where k = sp and e = (s(s − 1)/2)p2, and also the case e ≥ k(k − 1)/2 − k/2,
where s > 1 and p are positive integers. Boesch et al. [2] handled the case where k ≤ e ≤ k+ 2, and later Wang [15] solved
the case where e = k+ 3. Petingi et al. [11] solved the problem for more general case where e ≥ k(k− 1)/2− k+ 2.
Gilbert and Myrvold [6] made the following conjecture: t-optimal graphs are almost regular, where a graph is said to
be almost regular if the degrees of any two of its vertices differ by at most one. Petingi and Rodriguez [12] proved that
the conjecture is true in an asymptotical sense. Later, Petingi and Rodriguez [13] proved that complete almost-regular
multipartite graphs are t-optimal, and gave a complete characterization of t-optimal graphs for k(k − 1)/2 − 3k/2 ≤ e ≤
k(k− 1)/2− kwhen k is sufficiently large.
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Another important unsolved conjecture about t-optimal graphs is that a t-optimal graph must be a simple graph if
e ≤ k(k − 1)/2. Regarding this conjecture, Boesch et al. [2] first proved the following theorem (we call it Boesch’s
theorem).
Theorem 1.1 (Boesch’s Theorem). Suppose that G = (V (G), E(G)) is a connected (undirected) graph, and that u1 and u2 are
two vertices of G that are of degree 2 and are not adjacent to each other. Then,
t(G) ≤ t(G/{u1, u2}).
The equality holds if and only if N(u1) = N(u2), where N(u) = {w|(w, u) ∈ E(G), w ∈ V (G)} is the set of all neighboring
vertices of u in G.
Using Boesch’s theorem, the authors of [2] successfully proved that the above conjecture is true if k+ 3 ≤ e ≤ 3k/2.
Boesch’s theorem is very effective in characterizing t-optimal graphs. Unfortunately, the conditions of Boesch’s theorem
are rather strict. In this paper, we give a generalization of Boesch’s theorem so that the two vertices u1 and u2 can be of any
positive degree.
1.1. Our result
Assume that G is a connected graph with at least three vertices, among which there are two vertices u1 and u2 of
degree m and n, respectively. Let N = {v1, v2, . . . , vl} be the set of neighboring vertices of {u1, u2} (1 ≤ l ≤ m + n,
and N ∩ {u1, u2} = ∅). Let m0 be the number of multiple edges between u1 and u2, mi be the number of multiple
edges between vi and u1, and ni be the number ofmultiple edges between vi and u2 (m0 ≥ 0,mi+ni > 0), for i = 1, 2, . . . , l.
It is easy to see that m = m0 + li=1 mi and n = m0 + li=1 ni. We call the above graph G labeled by vertices u1
and u2.
Definition 1.1 (Harmonic Graph). For a graph G labeled by vertices u1 and u2, if (m − m0)ni = mi(n − m0) holds for every
i ∈ {1, 2, . . . , l}, then we call G a harmonic graph with respect to u1 and u2; otherwise, we call G an inharmonic graph with
respect to u1 and u2.
The main result of our paper is presented in the following theorem.
Theorem 1.2. Suppose that G is a connected graph of order at least 3, and that u1 and u2 are two vertices in G of degree m and
n respectively. Then
t(G) ≤ mn−m
2
0
m+ n− 2m0 t(G/{u1, u2}),
where m0 is the number of multiple edges between u1 and u2. The equality holds if and only if G is a harmonic graph with respect
to u1 and u2.
The rest of our paper is organized as follows. In Section 2, we give a formula to calculate in a graph the number of all
spanning trees with a fixed edge, which will be used in later analysis. In Section 3, we define a special class of graphs,
namely, quasi-bipartite graphs, and prove the result in Theorem 1.2 for this special class of graphs. Based on the proof for
quasi-bipartite graphs, the full proof of Theorem 1.2 is presented in Section 4.
Throughout the paper, wewill only be concernedwith connected and nonloop graphs of order at least 3.We assume that
any loop resulting from contraction of edges in the graph will be automatically deleted (as the deletion of such loops does
not affect spanning trees of the graph). We follow Harary [7] and Biggs [1] for graph-theoretic notation and terminology.
G = (V (G), E(G)) denotes a graph with vertex set V (G) = {v1, v2, . . . , vk} and edge set E(G) = {x1, x2, . . . , xe}. t(G)
denotes the number of all spanning trees of G. G/x denotes the graph obtained by contracting edge x of G, G+ x denotes the
graph obtained by adding edge x to G, G − x denotes the graph obtained by deleting edge x from G, and G/{u, v} denotes
(G+ uv)/uv for u, v ∈ V (G).
2. Number of spanning trees with a given edge
In this section, we give a formula to calculate the number of spanning trees with a given edge in a connected graph, based
on the Kirchhoff matrix of the graph. For a connected graph G, and for an edge e = vivj ∈ E(G), it is well known that the
number of spanning trees with a given edge e in G is equal to t(G/e). We prove the following theorem on t(G/e) that will be
used later.
Theorem 2.1. Let H be the Kirchhoff matrix of a connected graph G. Then, for any edge e = vivj ∈ E(G), we have t(G/e) =
detH(i, j), where H(i, j) denotes the matrix obtained by deleting from H the two rows and two columns corresponding to vi
and vj.
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Proof. Assume without loss of generality that i < j, that G has k vertices v1, . . . , vi, . . . , vj, . . . , vk, and that its Kirchhoff
matrix is
H =

h1,1 · · · h1,i · · · h1,j · · · h1,k
... · · · ... · · · ... · · · ...
hi,1 · · · hi,i · · · hi,j · · · hi,k
... · · · ... · · · ... · · · ...
hj,1 · · · hj,i · · · hj,j · · · hj,k
... · · · ... · · · ... · · · ...
hk,1 · · · hk,i · · · hk,j · · · hk,k

.
Let v′i denote the vertex obtained by contracting edge e = vivj. We can denote the k− 1 vertices of graph G/e as follows:
v1, . . . , vi−1, v′i , vi+1, . . . , vj−1, vj+1, . . . , vk.
It is easy to see that each element h′i,j in the Kirchhoff matrix H ′ of graph G/e is the same as the corresponding element in H
except
h′1,i = h′i,1 = h1,i + h1,j = hi,1 + hj,1,
· · · ,
h′i,i = hi,i + hj,i + hi,j + hj,j,
· · · ,
h′j−1,i = h′i,j−1 = hj−1,i + hj−1,j = hi,j−1 + hj,j−1,
h′j+1,i = h′i,j+1 = hj+1,i + hj+1,j = hi,j+1 + hj,j+1,
· · · ,
h′k,i = h′i,k = hk,i + hk,j = hi,k + hj,k.
Therefore, the Kirchhoff matrix H ′ of G/e can be written as
h1,1 · · · h1,i + h1,j · · · h1,j−1 h1,j+1 · · · h1,k
... · · · ... · · · ... ... · · · ...
hi,1 + hj,1 · · · hi,i + hj,i + hi,j + hj,j · · · hi,j−1 + hj,j−1 hi,j+1 + hj,j+1 · · · hi,k + hj,k
... · · · ... · · · ... ... · · · ...
hj−1,1 · · · hj−1,i + hj−1,j · · · hj−1,j−1 hj−1,j+1 · · · hj−1,k
hj+1,1 · · · hj+1,i + hj+1,j · · · hj+1,j−1 hj+1,j+1 · · · hj+1,k
... · · · ... · · · ... ... · · · ...
hk,1 · · · hk,i + hk,j · · · hk,j−1 hk,j+1 · · · hk,k

.
From Kirchhoff’s matrix-tree theorem [10], by deleting the ith row and ith column in the above matrix we obtain that
t(G/e) = det

h1,1 · · · h1,i−1 h1,i+1 · · · h1,j−1 h1,j+1 · · · h1,k
... · · · ... ... · · · ... ... · · · ...
hi−1,1 · · · hi−1,i−1 hi−1,i+1 · · · hi−1,j−1 hi−1,j+1 · · · hi−1,k
hi+1,1 · · · hi+1,i−1 hi+1,i+1 · · · hi+1,j−1 hi+1,j+1 · · · hi+1,k
... · · · ... ... · · · ... ... · · · ...
hj−1,1 · · · hj−1,i−1 hj−1,i+1 · · · hj−1,j−1 hj−1,j+1 · · · hj−1,k
hj+1,1 · · · hj+1,i−1 hj+1,i+1 · · · hj+1,j−1 hj+1,j+1 · · · hj+1,k
... · · · ... ... · · · ... ... · · · ...
hk,1 · · · hk,i−1 hk,i+1 · · · hk,j−1 hk,j+1 · · · hk,k

.
That is to say, t(G/e) = detH(i, j). 
3. Quasi-bipartite graphs
In this section, we prove the result in Theorem 1.2 for a special class of graphs, namely, quasi-bipartite graphs, which
will be defined later. We first present a useful lemma.
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Lemma 3.1. Suppose that m = ki=1 mi, n = ki=1 ni are positive integers, mi, ni are nonnegative integers, and that
mi + ni ≠ 0, for i = 1, 2, . . . , k. Then
n2
m+ n ≤
k
i=1
n2i
mi + ni ,
and the equality holds if and only if mni = min for all i ∈ {1, 2, . . . , k}.
Proof. Recall that the Cauchy–Schwarz inequality for ai, bi ∈ R (i = 1, 2, . . . , k) is
k
i=1
aibi
2
≤

k
i=1
a2i

k
i=1
b2i

.
Set ai = √mi + ni and bi = ni√mi+ni (i = 1, 2, . . . , k) in the above inequality, implying the inequality in the lemma. The
conditions that the equality in the lemma holds are directly derived from the conditions of equality for the Cauchy–Schwarz
inequality. 
Definition 3.1 (Quasi-Bipartite Graph). For a graph G labeled by vertices u1 and u2, if d(vi) = mi + ni holds for every
i ∈ {1, 2, . . . , l}, then we call G a quasi-bipartite graphwith respect to u1 and u2.
Since G is connected, it is easy to see that, if G is quasi-bipartite with respect to u1 and u2, then V (G) = {u1, u2,
v1, v2, . . . , vl}. Next, we prove the result in Theorem 1.2 for the special case of quasi-bipartite graphs.
Theorem 3.1. (i) If G is a harmonic quasi-bipartite graph with respect to vertices u1 and u2, then
t(G) = mn−m
2
0
m+ n− 2m0 t(G/{u1, u2}).
(ii) If G is an inharmonic quasi-bipartite graph with respect to vertices u1 and u2, then
t(G) <
mn−m20
m+ n− 2m0 t(G/{u1, u2}).
Proof. Since G is quasi-bipartite with respect to u1 and u2, the Kirchhoff matrix H ′ of G+ u1u2 can be written as
H ′ =

m+ 1 −m0 − 1 −m1 −m2 · · · −ml
−m0 − 1 n+ 1 −n1 −n2 · · · −nl
−m1 −n1 m1 + n1 0 · · · 0
−m2 −n2 0 m2 + n2 · · · 0
...
...
...
...
. . .
...
−ml −nl 0 0 · · · ml + nl
 .
From Kirchhoff’s matrix-tree theorem and Theorem 2.1, we have
t(G+ u1u2) = det

n+ 1 −n1 −n2 · · · −nl
−n1 m1 + n1 0 · · · 0
−n2 0 m2 + n2 · · · 0
...
...
...
. . .
...
−nl 0 0 · · · ml + nl

= det

n+ 1−
l
i=1
n2i
mi + ni 0 0 · · · 0
0 m1 + n1 0 · · · 0
0 0 m2 + n2 · · · 0
...
...
...
. . .
...
0 0 0 · · · ml + nl

= det

mn−m20
m+ n− 2m0 + 1+
(n−m0)2
m+ n− 2m0 −
l
i=1
n2i
mi + ni 0 0 · · · 0
0 m1 + n1 0 · · · 0
0 0 m2 + n2 · · · 0
...
...
...
. . .
...
0 0 0 · · · ml + nl

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=

mn−m20
m+ n− 2m0 + 1+
(n−m0)2
m+ n− 2m0 −
l
i=1
n2i
mi + ni

t(G/{u1, u2}). (1)
Feussner’s formula [4,5] yields
t(G+ u1u2) = t(G)+ t(G/{u1, u2}). (2)
Combining Eqs. (1) and (2), we obtain
t(G) =

mn−m20
m+ n− 2m0 +
(n−m0)2
m+ n− 2m0 −
l
i=1
n2i
mi + ni

t(G/{u1, u2}). (3)
To prove (i), because G is harmonic with respect to u1 and u2, we have (m − m0)ni = mi(n − m0) for i = 1, 2, . . . , l.
Together with
l
i=1 mi = m−m0 and
l
i=1 ni = n−m0, we have
(n−m0)2
m+ n− 2m0 =
l
i=1
n2i
mi + ni . (4)
From Eqs. (3) and (4),
t(G) = mn−m
2
0
m+ n− 2m0 t(G/{u1, u2}).
Similarly, to prove (ii), since G is inharmonic with respect to u1 and u2, there exists i0 ∈ {1, 2, . . . , l} such that
(m−m0)ni0 ≠ mi0(n−m0). Since
l
i=1 mi = m−m0 and
l
i=1 ni = n−m0, the Cauchy–Schwarz inequality (Lemma 3.1)
implies that
(n−m0)2
m+ n− 2m0 <
l
i=1
n2i
mi + ni . (5)
Eqs. (3) and (5) imply that
t(G) <
mn−m20
m+ n− 2m0 t(G/{u1, u2}). 
4. Proof of Theorem 1.2
In this section, we will prove the main result of our paper, Theorem 1.2, as restated below.
Theorem 1.2. Suppose that G is a connected graph of order at least 3, and that u1 and u2 are two vertices in G of degree m and
n, respectively. Then
t(G) ≤ mn−m
2
0
m+ n− 2m0 t(G/{u1, u2}),
where m0 is the number of multiple edges between u1 and u2. The equality holds if and only if G is a harmonic graph with respect
to u1 and u2.
First, we give a lemma that allows us to reduce the problem from general connected graphs to quasi-bipartite graphs.
Lemma 4.1. (i) Suppose that G is a harmonic graph with respect to u1 and u2. Then there exists a positive integer p such that
t(G) =
p
i=1
t(Gi), t(G/{u1, u2}) =
p
i=1
t(Gi/{u1, u2}),
where each Gi is harmonic quasi-bipartite with respect to u1 and u2.
(ii) Suppose that G is an inharmonic graph with respect to u1 and u2. Then there exists a pair of integers p ≥ 0 and q ≥ 1 such
that
t(G) =
p
i=1
t(Gi)+
q
j=1
t(G′j), t(G/{u1, u2}) =
p
i=1
t(Gi/{u1, u2})+
q
j=1
t(G′j/{u1, u2}),
where each Gi is harmonic quasi-bipartite with respect to u1 and u2, and each G′j is inharmonic quasi-bipartite with respect
to u1 and u2.
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Proof. Let U = {u1, u2}, V ′ = V [G]−U , and E(V ′) = {e1, e2, . . . , er}. We contract and delete e1, e2, . . . , er orderly by using
the Feussner recurrence formula (Eq. (2)) step by step. After a finite number of steps we will obtain a collection of graphs
which have no edges in {e1, e2, . . . , er}.
(i) Since G is harmonic with respect to u1 and u2, each graph in the collection of graphs obtained at the end is either a
harmonic quasi-bipartite graph with respect to u1 and u2, or a disconnected graph. Let G1,G2, . . . ,Gp be these (connected)
harmonic quasi-bipartite graphs with respect to u1 and u2. Using the Feussner formula, we obtain
t(G) =
p
i=1
t(Gi), t(G/{u1, u2}) =
p
i=1
t(Gi/{u1, u2}).
(ii) Since G is inharmonic with respect to u1 and u2, each graph in the collection of graphs obtained at the end is either
harmonic quasi-bipartite with respect to u1 and u2, or inharmonic quasi-bipartite with respect to u1 and u2, or disconnected.
Among these graphs there must exist at least one (connected) inharmonic quasi-bipartite graph with respect to u1 and u2,
e.g., the one obtained by deleting all edges in E(N) and contracting all edges in E(V ′)− E(N), where N = {v1, v2, . . . , vl} is
the set of all neighboring vertices of {u1, u2}.
Let G1,G2, . . . ,Gp (p ≥ 0) denote all the (connected) harmonic quasi-bipartite graphs with respect to u1 and u2 in the
collection, and let G′1,G
′
2, . . . ,G
′
q denote all the (connected) inharmonic quasi-bipartite graphs with respect to u1 and u2 in
the collection (by the above argument, q ≥ 1). Similarly from the Feussner formula, we have
t(G) =
p
i=1
t(Gi)+
q
j=1
t(G′j), t(G/{u1, u2}) =
p
i=1
t(Gi/{u1, u2})+
q
j=1
t(G′j/{u1, u2}). 
Now we are ready to prove Theorem 1.2.
Proof of Theorem 1.2. If G is harmonic with respect to u1 and u2, then, by (i) of Lemma 4.1, there is a positive integer p such
that
t(G) =
p
i=1
t(Gi), t(G/{u1, u2}) =
p
i=1
t(Gi/{u1, u2}),
where each Gi is harmonic quasi-bipartite with respect to u1 and u2. By (i) of Theorem 3.1,
t(Gi) = mn−m
2
0
m+ n− 2m0 t(Gi/{u1, u2}),
for i = 1, 2, . . . , p. Therefore,
t(G) = mn−m
2
0
m+ n− 2m0 t(G/{u1, u2}).
If G is inharmonic with respect to u1 and u2, by (ii) of Lemma 4.1, there exists a pair of integers p ≥ 0, q ≥ 1 such that
t(G) =
p
i=1
t(Gi)+
q
j=1
t(G′j), t(G/{u1, u2}) =
p
i=1
t(Gi/{u1, u2})+
q
j=1
t(G′j/{u1, u2}),
where each Gi is harmonic quasi-bipartite with respect to u1 and u2, and each G′j is inharmonic quasi-bipartite with respect
to u1 and u2. By Theorem 3.1,
t(Gi) = mn−m
2
0
m+ n− 2m0 t(Gi/{u1, u2}), for i = 1, 2, . . . , p
and
t(G′j) <
mn−m20
m+ n− 2m0 t(G
′
j/{u1, u2}), for j = 1, 2, . . . , q.
Since q ≥ 1,
p
i=1
t(Gi)+
q
j=1
t(G′j) <
mn−m20
m+ n− 2m0
p
i=1
t(Gi/{u1, u2})+ mn−m
2
0
m+ n− 2m0
q
j=1
t(G′j/{u1, u2}),
that is,
t(G) <
mn−m20
m+ n− 2m0 t(G/{u1, u2}). 
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